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Abstract. We prove the existence of nontrivial standing wave solutions of 
the complex Ginzburg-Landau equation (pt = e*®A</> + e''' [</)["(/!> with periodic 
boundary conditions. Our result includes all values of 9 and 7 for which 
cos 6 cos 7 > 0, but requires that a > be sufficiently small. 

1. Introduction 

We consider the complex Ginzburg-Landau equation 

0t =e*«A0-f e^^l^r^, (1.1) 

where a > 0, both on the whole space M^, with periodic boundary conditions, and 
on a bounded domain il of with Dirichlet boundary conditions. We look for 
standing wave solutions of the form 

0(i, a;) = e*"*u(x) (1.2) 

with G M. The resulting equation for u is then 

e''^Au + e''^\u\°'u = iuJU. (1.3) 
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Equation (1.1) is used to model such phenomena as supereonductivity, ehemieal 
turbulenee and various types of fluid flows. See [6] and the references cited therein. 
Local and global well-posedness of (1.1), on both M.^ and a domain ft C M^, 
are known under various boundary conditions and assumptions on the parameters, 
see e.g. [7, 9, 10, 13, 14, 16, 18, 19, 20, 21]. Concerning standing wave solutions, 
the particular case of the nonlinear Schrodinger equation (i.e. 9 = ±7 = if) 
leads to the elliptic equation Au ± ± uju = 0. This equation is the object 

of a literature too vast to be cited here. Another well-known case is w = 0, i.e. 
stationary solutions. Then necessarily 7 = 6* modulo 2tt (see Remark 1.4 (ii) below) 
and so equation (1.3) reduces to Au + = 0, which is a special case of the 

previous equation. In the other cases, we are not aware of mathematical results 
concerning the existence of standing wave solutions. Numerous papers discuss 
the existence of special solutions (holes, fronts, pulses, sources, sinks, etc), see 
e.g. [2, 3, 4, 5, 11, 12, 15, 17, 23, 24, 25]. 

Throughout this paper, all the function spaces are made up of complex-valued 
functions, but are considered as real Hilbert or Banach spaces. For example, L^{^1) 
is the real Hilbert space of all complex-valued square integrable functions on Q with 
the (real) inner product 

{u, v)l2 =^ / uv. (1.4) 
Jn 

In addition, we consider the N dimensional torus = (]R/27rZ)^ and the space 

H'^{T^) = {u e H^^^{R^); u is 27r-periodic in all variables}, (1.5) 

equipped with the norm of H^{U) with $7 = (0, 2it)^ . 

Our first result is the existence of spatially periodic standing wave solutions 
of (1.1) for small a. 

Theorem 1.1. Suppose ^,6 satisfy 

IT TT , , 

^-<en<^- (1.6) 

It follows that there exist > and continuous maps u : (0,ao) ~^ H'^iT^) and 
uj : [0, ao] — >■ K such that for every a S (0, ao), u = u{a) is a nontrivial solution 
of (1.3) with CO ~ uj{a). In particular, the resulting function (j) given by (1.2) is a 
standing wave solution of (1.1). 

Note that it is part of the statement of Theorem 1.1 that G Lf^^{R^), since 

both Am and u belong to ^^^^.(M^). Our proof of Theorem 1.1 proceeds by first 
constructing solutions of the equation (1.3) on the set il = (0, tt)^ which vanish on 
the boundary dfl, and then extending these solutions to M.^ by reflection. Thus, 
to prove Theorem 1.1, we need first to prove a similar result, but on a bounded 
domain of , which we now describe. 

We consider a bounded, connected open subset of and we set 

H = {ueH^in);AueL^{n)}, (1.7) 
so that H equipped with the scalar product 

{u,v)h^^ I uv + ^ [ AuAv, (1.8) 
Jn Jn 

is a real Hilbert space and H ^ i/o(^)- We show the following result. 
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Theorem 1.2. Suppose fl is a bounded, connected, open subset o/R^. Let 7,0 
satisfy (1-6) and let H be defined by (1.7)-(1.8). It follows that there exist ao > 
and continuous maps u : (0,q;o) ~^ H and lo : [0,ao] — K such that for every 
a G (0, ao); u = u{a) is a nontrivial solution of (1.3) with uj = a;(a). In particular, 
the resulting function (j) given by (1.2) is a standing wave solution of (1.1). 

We prove Theorem 1.2 by a perturbation argument from the case a = 0, using 
the imphcit funetion theorem. Indeed, equation (1.3) with a = reduces to the 
eigenvalue problem —Am = (e*^'''"^-' — iu;e~^^)u. As is well known, all eigenvalues 
of —A with Dirichlct boundary conditions are positive real numbers, while A* ~: 
g«(7-6) _ j^;g-*s ig not in general real. It turns out that A* is real precisely when 
u! = '^'"o^g^'' , in which case A* = |^|^ . Unfortunately, this value of A* is not always 
an eigenvalue of —A. To overcome this problem, we introduce another parameter 
fi > and consider the equation 

Av + ^le''''^~'^^\v\"v - iuje-^^v = 0. (1.9) 

(See also Remark 2.1.) Note that if a > 0, then a solution of (1.9) can be turned 
into a solution of (1.3) by a simple multiplicative factor. 

Equation (1.9) in the case a = now becomes —Aw = (/ie''-'''"''' — ia;e~*^)f. 
Given any A > 0, one sees that ^qC^^'^^^^ — iLo^e^^^ = A if and only if 

c^o^A^^^fc^, (1.10) 
cosf 

and 

^to = A . (1.11) 

cos 7 

The implicit function theorem now yields the following result. 

Theorem 1.3. Suppose VI is a bounded, connected, open subset ofR^ and let H 
be defined by (1.7)-(1.8). Let 

A = A(-A), (1.12) 

be an eigenvalue of —IS. in L^(f2) with domain H and Lp a corresponding eigenvector 
such that 

'1^1^ = 1. (1.13) 
n 

Assume that X is a simple eigenvalue, in the sense that the corresponding eigenspace 
is <Cip. (For instance, A can be the first eigenvalue of ~A.) Let j,6 satisfy (1.6) 
and let luq o^nd fio be defined by (l.lO)-(l.ll). It follows that there exist ao > and 
continuous maps v : [0, ao] H , fjL : [0,ao] — M and lo : [0,ao] R such that 
w(0) = kp, /i(0) = /io; <^(0) = Wo and such that (1.9) holds for all < a < aQ. 

The above results call for several remarks. Since our proof of Theorem 1.3 is 
based on a perturbation argument, we have no information on the size of ao. In 
addition, based on what is known about standing waves of the nonlinear Schro- 
dingcr equation and stationary solutions of the nonlinear heat equation, one would 
expect that, at least in space dimension N >2, there would exist an infinite family 
of standing wave solutions (all with the same ui). Our results do not address this 
question at all. Another important issue is the stability (both linear and dynamical) 
of the standing waves. 

We next make a few remarks concerning the conditions on 9 and 7. 
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Remark 1.4. Suppose for example equation (1.3) is set on a bounded, connected 
subset n of M.^ with Dirichlet boundary conditions. (Similar calculations can be 
made in the case of periodic boundary conditions.) Let u e -ffo(f^) n-L°+^(il) with 
Au € L^(ri), u ^ be a solution of (1.3). Since 

/ uAu = - / \Vuf, (1.14) 
Jn Jn 

we deduce from (1.3) that 

e'^ f iVwp^e'-^ / \u\°'+^^iu f \u\\ (1.15) 
Jn Jfi Jn 

We now can draw the following consequences. 

(i) Considering the real part of (1.15), we obtain 

cos 61 / |Vwp = cos7/ \u\"+^. (1.16) 
Jn Jn 

Thus we see that either cos 6' = cos 7 = or else cos 6* cos 7 > 0. If cos 9 = 

cos 7 = 0, then the equation (1.1) becomes the nonlinear Schrodinger equation 

iipt = ±A0 ± |(?!)|"(?!), whose standing wave solutions have been extensively 

studied. Assume now cos 6 cos 7 > 0. Changing (7, 0, uj) to (7 + tt, + tt, — w) 

leaves the equation invariant, so we may assume that cos 7 > and cos 6 > 0. 

Therefore, we may assume without loss of generality that (1.6) holds. 

(ii) It follows easily from (1.15) and (1.6) that oj ~ (i.e. u is a stationary solution 
of (1.1)) if and only if 7 = modulo 2tt. 

(iii) Finally, observe that changing (u, 7, 0, lo) to (u, —7, —0, — w) leaves the equa- 
tion invariant. 

The next remark gives some variants of the main results. 

Remark 1.5. (i) If u is a periodic solution of (1.3), as in Theorem 1.1, then 
for every positive integer n, u„(x) = n^u(nx) is also a solution of (1.3) in 
H'^(T^), but with u! replaced by n^co. In this way, we obtain infinitely many 
solutions on (starting from one given solution), but for values of uj that 
change with the solution, 
(h) In Theorem 1.1, we may replace the torus (M/27rZ)^ by (R/2£iZ) x • • • x 
(M/2^jvZ), where £1, . . . > 0. It suffices to apply Theorem 1.2 with fl = 
(0, £1) X ■ • • X (0, £n) instead of i7 = (0, tt)^. The above remark about rescaling 
applies in this situation as well. 

(iii) In the case where f2 is the unit ball of M.^ , there is version of Theorem 1 .3 in the 
space -i^rad(^) of radially symmetric functions. Note that all the eigenvalues of 
—A in i^ad(^) with Dirichlet boundary conditions are simple. Thus for every 
integer n, there exists ao > such that for < a < ao there exist n different 
standing wave solutions of (1.1) (assuming j ^ 0). Indeed, the solutions 
are different because for sufficiently small a, the corresponding value of uj is 
close to Wo given by (1.10); and the values of ujq corresponding to different 
eigenvalues are all different. It would be interesting to know if these solutions 
are related by dilation, as is true for the eigenfunctions of —A in L'^^^{n). 

Remark 1.6. The method we use to prove Theorem 1.2 is not valid in the case 
n = M^. In fact, the conclusion of Theorem 1.2 is false if J7 = . Indeed, suppose 
6' = 7, in which case w = by the same argument as in Remark 1.4 (ii). In this case. 
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equation (1.3) becomes — Au ~ which has no nontrivial solutions in H^{R^) 

if a is Sobolev subcritical (i.e. {N — 2)a < 4). This fact is a consequence of the 
Pohozacv identity [22]. For the precise formulation needed here, see [1, Corollary 1, 
p.321]. 



2. Proof of Theorem 1.3 
In this section, we prove Theorem 1.3. 

Proof of Theorem 1.3. It follows from (1.10)- (1.11) that 

^ioe'^^'''^ - iiooe-'^ = A. (2.1) 

Therefore, is a solution of (1.9) with a = 0, = /^o and w = wq- For a > small, 
fj, and w close to fiQ and wq, we seek a solution v of (1.9) of the form v = ip + C 
with ( € Hi, where Hi is the orthogonal complement of dp in H. The main tool 
we use is the implicit function theorem. The first order of business is to define an 
appropriate mapping F. We fix 

< a < oo such that {N - 2)5 < 2, (2.2) 

so that H ^ L^("+^)(ri) by Sobolev's embedding. We set 

X = R^xHi, (2.3) 

and we define the map F : (— oo, 3] x X — > L^{il) by 

F(a, n, Lo, C) = Aw + ne'^'>-''^g{a, v) - iue'^^, (2.4) 
t'-^ + C (2.5) 
where the function g : K x C ^ C is given by 

f|u|"w q;>0, 
g{a,v)^V ' ' (2.6) 

I ?; a < 0. 

It follows that if F{a, C) = and a > 0, then w is a solution of equation (1.9). 
Since 

A(p + Xip^O, (2.7) 

we deduce from (2.1) that 

F(0,Aio,^o,0) = 0. (2.8) 

It follows (for instance from Proposition A.l below) that the map (a, v) i-> g{a, v{-)) 
is continuous (— oo,3] x H ^ L^(f2), from which we deduce that F is continuous 
(— cxD, 3] X X — > i^(r2). Furthermore, if a < 3, then by Proposition A.l the 
map V I— > g{a,v{-)) is differentiable everywhere on H, so that the map (^,a;,C) i— > 
i^(a, /i, w, C) is differentiable everywhere. In addition, using (A. 5), we have 

3F 

|^(a, a;, C)=e*(^-^)g(a, «(■)), (2.9) 
— {a,^l,u;,0 = -^e-''v, (2.10) 
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and 

dF 



dC 



Aw + fie^'-'y-^^[\v\"w + a\v\"-'^v^{vw)] ~ iujer^^w a > 0, 
Aw + [^e't''"''' - iLoe~'''^]w a < 0. 



(2.11) 



We now show that the derivative 

dF 



(0,Mo,^o,0) :X^L2(fl) 



9(m,w,C) 

is a bijection. Indeed, we deduce from (2.9)-(2.11) that 

OF 



(0,/io,c.o,0) =e*(T-^)(^, (2.12) 

OfJL 

dF 

— (0,Mo,c^o,0)--ie-*V, (2.13) 

OOJ 

dF 

— (0,Aio,wo,0)w = Aw + Aw. (2.14) 



where we used (2.1) in the last identity. Therefore, 
dF 



(0, /io,wo,0) • (a, 6,w) = A(a, 6,w), (2-15) 



-9(Ai,a;,C) 
where 

A(a, 6, w) = ae*(''-^V " ibe'^^ip + A?.t; + Aw. (2.16) 
Wc first claim that the kernel of A is trivial. Indeed, suppose 

A(a,6,w)=0. (2.17) 

Multiplying the equation (2.17) by Tp, integrating by parts on Q. and using (1.13) 
and (2.7), we obtain = ae'^'''"*^ — ibe~^^ , i.e. ae"^^ = ib. Using (1.6), we conclude 
that a = b = 0. It then follows from (2.17) that Aw + Aw = 0, so that w G Cip. 
Since dp Ci Hi = {0}, this proves the claim. 

We next claim that A is surjective. Let M{z) — ae^^''~^^ — ibe~^^, for z = a + bi. 
Considering C as a real linear space, we see that M is a linear operator C — C. As 
shown above, ker Af = {0}, and so M is a bijection. Thus, given / G L^(fi) there 
exist a, 6 G M such that 



ae 



ajh-e) _ ii,^-'iO ^ / (2.18) 
Jn 

It follows from (1.13) and (2.18) that / — ae''^^~^^p + ibe~'^^p belongs to the or- 
thogonal of Cp. Therefore, there exists a unique w G Hi such that 

Aw + Aw = / - ae*(''-''V + ibe-'^p, 

i.e. A{a, &, w) — f. This proves surjectivity. 

At this point, we wish to apply the implicit function theorem [26, Theorem 4.B, 
p. 150]. The only condition that we have not yet verified is that the map 9(^,a;,c)^ 
given by 

■ (-00, a]xX C{X, L2(M^)) 

, .^ dF . (2.19) 
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is continuous at the point (0, /io, cjq, 0). This is an immediate consequence of Propo- 
sition A. 2, since <y5 ^ a.e. in fi. To see this last property, we note that (p is analytic 
in the connected, open set 57, see e.g. [8], so that it cannot vanish on a set of positive 
measure. 

By the above cited the implicit function theorem, there exist > and contin- 
uous maps C : [0, ao] — > -ffi, /i : [0, ao] R and uj : [0, ao] M such that C(0) ~ 0, 
/^(O) = /xq, w(0) — loq and such that F{a, ^{a),u!{a),C{a)) = for < a < ao. 
This completes the proof (with v{a) = (fi + C{<^))- ^ 

Remark 2.1. The parameter is not only useful to ensure that the equation (1.9) 
has the form Av + Xv = when a = 0, where A is an eigenvalue of —A. It also 
provides a second parameter in the implicit function theorem so that the linearized 
operator is bijective. 

3. Proof of Theorems 1.2 and 1.1 

Proof of Theorem 1.2. We apply Theorem 1.3. (Note that there always exists A as 
in the statement, for example A can be the first eigenvalue of —A.) Observe that 

cos 7 > 0, cos 6* > 0, (3.1) 

by (1.6), so that /io > by (1.11). Therefore, we may choose ao small enough so 
that /i(a) > for a G [0, ao]. Thus u = ii~v is well defined and satisfies (1.3) (since 
V satisfies (1.9)). Since v{0) = (p, we have v{a) ^ 0, hence u{a) ^ 0, for a > 
sufficiently small. Thus, by choosing ao > possibly smaller, we have u{a) ^ for 
< a < ao. □ 

Proof of Theorem 1.1. We apply Theorem 1.2 with = (0,7r)^, and we obtain 
< ao < (jv-2)+ continuous maps u : (0, ao) H (defined by (1.5)) and 
UJ : [0, ao] — > M such that for every a G (0, ao), u = u{a) is a solution of (1.3) on VI. 
We now extend u to by symmetry. More precisely, given x € M^, there exists 
a unique family of integers {kj)i<j<]\[ such that kjir < Xj < (kj + l)7r, and we set 

u{x) = (-l)^f=i '''uix), (3.2) 

where Xj = Xj — kjir. It follows that u e H^^^{R^) n Lf^"'^^\R^) is a solution 
of (1.3) on M^, and by standard elliptic regularity, u e H^^^{M.^). Since u is clearly 
27r-periodic in all variables, we see that u G H'^{T^). □ 

Remark 3.1. (i) Recall that u{a) constructed in the proof of Theorem 1.2 is 
given by u{a) = /x(a)~w(a), where the functions v{a) and /x(a) are given by 
Theorem 1.3. Furthermore, /x(a) — >■ given by (1-11) as a — > 0. Clearly, if 
/io > 1 (i-G. A > §§7^), then ||u(a)||i2 ^ cxd as a — > 0, while if /io < 1 (i.e. 
A < §§7^), then ||w(a)||i2 —5' as a 0. In the latter case, the curve u(a) 
bifurcates from the trivial branch of solutions of (1.3) at a = 0. The same 
conclusions hold for the solutions constructed in Theorem 1.1. 
(ii) In the context of Theorem 1.3, suppose A and A are two different simple 
eigenvalues of —A with corresponding eigenvectors ip and ip. Let v,fj,,u; and 
v,]l,iu be the resulting continuous maps constructed by Theorem 1.3. Since 
v{a) — > ip and v{a) — > as a — >^ 0, it is clear that v{a) ^ v{a) for a > small. 
Similarly, it is clear (see (1.10)) that oj{a) ^ w(a) for a > small. The func- 
tions u{a) = ii{a)~v(a) and u{a) = /i(a)~v(a) are solutions, respectively, of 
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equation (1.3) and of equation (1.3) with uj instead of oj. Thus it is also clear 
that u{a) ^ u{a) for a > small, 
(iii) Suppose f2 is the unit ball of and consider radially symmetric standing 
waves. As noted above (see Remark 1.5 (iii)) all the eigenvalues < Ai < 
A2 < • ■ • of —A in L'^^^{Vt) with Dirichlet boundary conditions are simple. 
And so, Theorem 1.3 can be applied with each A = Afc for each fc > 1, thus 
producing an infinite family of curves Ufc(a) of standing waves. If At < 
(which can happen only for finitely many fc), then ||ufc(a)||L2 — > as a — > 0. 
On the other hand, if Afc > |^|^ (which necessarily happens infinitely many 
fc), then ||itfc(a)||L2 — ?> 00 as a 0. Observe that the number of eigenvalues 
such that Afe < ^^^^ obviously depends on 6 and 7. 



Appendix A. An extension of the map (a,w) i~> 

In this section we construct an explicit extension of the map {a,v) 1— ?> to 
include negative values of a and we study its differentiability with respect to v. 

We consider the function g : R x C — > C defined by (2.6) and we define H : 
RxCxC^Cby 



H{a, V, u) 



\v\"u + a\v\'^-^v?ii(vu) a>0,vy^0, 

a>0,v = 0, (A.l) 

U Q < 0. 



It follows easily that g G C(M x C, C) and H is continuous, except at the points 
(0,0, w) with u ^ (where it is discontinuous). Moreover, g is differentialble with 
respect to v at every point {a, w) £ K x C (where C is considered as a real Hilbert 
space), and 

dvg{a,v)u = H{a,v,u), (A. 2) 

for all a G M and u,v £ C. 

Let 51 be a bounded open subset of and, given 1 < r < 00, let L''(f2) be 
the usual Lebesgue space of complex valued functions, equipped with its standard 
norm || • jj^r, considered as a real Banach space. We fix a > and set p = 2{a + 1). 
Given v G LP{H), we define 

G(a,«)(-) =,9(a, «(•)), (A.3) 

where g is given by (2.6). 

Proposition A.l. The map G is continuous (—00, a] xLP{U) — )- L^(ri). Moreover, 
G is Frechet differentiable with respect to v everywhere on (—00, a] x LP{n) and 

dyGia,v) = La,v, (A.4) 

with 

La,uU = H{a,v{-),u{-)), (A.5) 
for all a G (—00, a), v G LP{fl) and u G L^(ri), where H is defined by (A.l). 

Proof. Since fi is bounded, it follows from the estimate 

ma,v)\ <\ (A.6) 
\\v\ a < 0, 
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that G{a,v) G L'^{n) for all a < a. Moreover, it follows easily from (A. 6) and the 
dominated convergence theorem that G G C((— oo,a) x (fl) , L'^ (il)) . Next, we 
deduce from the estimate 

IM( ... fia + l)\vnu\ a>0, 

\H{a,v,u)\ < < , , ^ „ (A.7) 



\\La,vU\\L^ < 



that 

+ l)||w||£p|f7|^||ii|lLP 0<a<a, 
^\n\^\\u\\LP a<0. 

Therefore, given any a < a and v G L^'(f2), we see that La^v is linear^ and contin- 
uous LP(fJ) L^(fJ). It is not difficult to verify, using (A.7) and the dominated 
convergence theorem that 

{a, v) i-> La^y is continuous ((-oo, a) \ {0}) x LP(f7) ^ C{LP (ft) , L"^ (Q)) . (A.8) 

Given < a < a, v,u e LP{^) and < t < 1, it follows from (A. 2) that 

G{a, V + u) — G{a, v) — L^^vU = / H{a, v + au, u) da — L^^vU 

(A.9) 



/ [La,v+auU — La.vU] da. 

Jo 



Applying (A.8), we deduce that 

/ [La.v+auU - La,vu]da =o(||u||ip) as ||it||iP -s- 0. (A. 10) 

Jo '^'^ 

Thus we see that G is Frcchet differentiable with respect to u at (a, v) with deriv- 
ative La^vi provided < a < a. Since G(a, w) = w if a < 0, we see that G{a, v) is 
differentiable at (a, v) for any LP{^1), with derivative 9uG(0, v) = I. This completes 
the proof. □ 

Proposition A. 2. Let v G L''{^l) satisfy v{x) ^ for a. a. a; G 51. It follows that 
dyG{a,v) is continuous at (0,f). 

Proof. Consider a sequence (a„,w„)„>i C M x LP(ri) such that a„ — > in M 
and Vn V in L^'(ri). By (A. 4), we need to show that iQ„,i,„ — >■ Lg y = / in 
C{LP (Q) , L'^ {i})) as n — >■ oo. Since L^^v = / if a < 0, we may assume that > 0. 
We write 

where 

We first note that an|i^n|"" < ««(! + bn|°), so that 

l|iL..„ < O^nm- + IK'nll^p) 0. (A.12) 

Furthermore, since \v\ > a.e. in il, we see that 



n— ^cxD 



a.e. in and it follows by dominated convergence that 



■'^ Recall that we consider the space L'^{Vt) of complex- valued functions as a real Banach space. 
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in C{LP{n), L^ifl)). The result is now a consequence of (A.11)-(A.13). □ 
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